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def int_div(x,y):
““return the pair x/ly, X%y
assert(type(x) is int and type(y) is int)
result = 0
remainder = X
while remainder >=y:
result += 1
remainder -=y
return result, remainder
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def fint_div(x,y):
““return the pair x//y, x%y 77
assert(type(x) is int and type(y) is int)
result =0
remainder = X
while remainder >=vy:
powerof2 = 1
# find the largest power of 2 <= remainder//y
while remainder >= 2*powerof2*y:
powerof2 *= 2
result += powerof2
remainder -= powerof2*y
return result, remainder



MY NN

DMmya EJ NYNXINN NRDION int_div-1 e

fint_div-1
1+ log, EJ 1NN D20 NYNAITN MMINTN NINDION @
(MDA result Dw 1xM1 L2 525 NNNX DVaA) DMNYH

remamderJ'mvn 595 AYNANN DM ANYN e
oMy

TNNIDIN log, EJ+log§ EJ MMM O35 -2"ND e

log,,

LoUnnanawn -7y nn e



NPINA NNOYVN

X-XX...'X DMYay 2N9) /NNLW e

def pow(Xx,y):
Y compute x*ty 777
assert(type(x) is float and type(y) is int)
result = 1.0
for i in range(y):
result *= X
return result
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def fpow(x,y):
Y compute x*ry 7T
assert(type(x) is float and type(y) is int)
result = 1.0
while y > O:
it y%2 == 1:
result = x
X "= X # for the next iteration, square X,
v /[= 2 # and divide the power by 2.
return result
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fast power(x, y):

mmn

- = ~ ~ ~ vy ~ N T Y -~ ~ - -~ w W - - ~ 1~ -
’'his function computes x to the power of y (x**y), using the binary
exponentiation algorithm.

- — { ) — =] - ~ T P ( \ —— - ~ Yy P ~— N
input: _‘;V'LU'V \ X 1104l ala LTvype Y 1Nt and \/ U
~ . - - ~11TT I N = - ~ »* W
output: a float numpber that equals X**y

PR PR
errors and exceptions: none
—~ PN = - - - -~ ¥ - ™ | ~ \ "y oS -~ - 2 at-Ta
peri1lOorllallce jUualalliees U(11L04g ,' L LINe alldl o aCe

fast power (x*x, y//2)

x * fast power (x*x, y//2)

Ln: 8 Col: 31
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fast power(x, y):
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print(x, y)
y == 0:

y%2 == 0:
fast power (x*x, y//2)

x * fast power (x*x, y//2)

Ln: 8 Col: 31
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print(x, y) >>> fast_power(2,10)
Yy == Ul
1.0 210
y%2 == 0:

fast power (x*x, y//2) 4 5

x * fast power (x*x, y//2) 16 2
256 1
65536 0 Ln: 8/Col: 31

1024.0
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def gcd(m,n):
“““ return the greatest common divisor of m, n
assert(type(m) is int and type(n) is int)
assert(m >= 0 and n >= 0)

while n > O:
= mM%nN
m=n
N=r

return m
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def gcd(m,n):

" return the great
assert(type(m) is ir

assert(m >= 0 and

DD MDA NNDIDN DY nnvn
NI TIMINT NINNIND  NIXIDIN

.gcd(m,n)

gcd(m,n) = gcd(n,m%n) :NNN

while n > O:
= mM%nN
m=n
N=r

return m
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def gcd(m,n): N1 IMIXIN NIRXINN XD
“““return the greatt .gcd(m,n)
assert(type(m) is ir
assert(m >= 0 and| gcd(m,n) = gcd(n,m%n) :NNnN

while n > O:
- = m%n TN D?DN DNMNADNN NIVYD
M =n DTYN OV 91D 1aDN
N =1T

return m 0211291 M%n < N :NNMN

19DN NN 1291 1VP N NNV
0-2 Yy NXILN Sy a1
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gcd(m, n):

gcd (n, m%n)

Ln: 6/Col: 7
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gcd(m, n):

AV nr

gcd (n, m%n)
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gcd(n, m%n)

DaTH NN ,NDATNN 1NYnN #-nN NX pNNI DN
?’gcd(45,27) nNMIpN

Ln: 7 Col: 6
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_;’f;(m, n):
gcd(n, m%n)
DTN NN NDATAN NNYN #N NN PNNY DX
45 27 ?’gcd(45,27) nNMIpN
27 18
18 9
90

9
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gecd(m, n):

# print (m,
n

t n)

h.
\J.
m

gcd(n, m%n)
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Python 3.4.1: sqrt.py - /Users/yrabani/Documents/11'n»a - awnnn *wmd Xxan/nAxknn/Code/sqrt.py

# compute the square root using bisection/binary search

x = float (input ("Enter a positive number: "))
eps = float(input ("Enter desired accuracy: "))
print ("Computing the square root of ",x," within accuracy ",eps)

# if x > 1 then 1 < sagrt(x) < x, otherwise 1 >= sqgrt(x) >= x
# so the interval to search is either [1,x] or [x,1]
1if x > 1.0:

low = 1.0
high = x
low = x
high = 1.0

# print (low, high)

while high-low > eps: # invariant: sqrt(x) is in [low,high]
mid = (high+low) / 2.0 # cut search interval in half
# print (mid)

1f mid*mid > x: # the answer 1s below mid
high = mid
else: # the answer 1is above mid

low = mid
# print (low,high)

print ("The square root of ",x," 1s approximately ",low)

Ln: 24 Col: 21
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Python 3.4.1: Babylonian.py - /Users/yrabani/Documents/V/n»a - awnnn wmd xan/nxnn/Code/Babylonian.py

# compute the square root using the Babylonian method
math

)

x = float (input ("Enter a positive number: "))
eps = float(input ("Enter de

print ("Computing the square root o y X, within
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r = X # this is our initial guess
math.fabs(r - x/r) > eps: # the square root is between r and Xx/r
r = (r + x/xr) / 2.0

print ("The square
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2n+1 =0(n) 125 ,2n+1=0(Nn)-w 122 12’1

C=2NPTN ,N24+108n < 2:n3 ,n > 1000 525 2 n2+106n = O(n3)
.N2+108n = QQ(N3) MW XN

TIN5 .n2+108n = O(n?)

logan =0(logzn),a>1yap 535
(c = 1/logz anpn) loga N = logz n/ logz a MNrnNn M1e? yau nr
29%aD DD 1MXD D2 T O(log n) 21121 'LILANDN NNDA 12D

YN D'DAN , DM 00 T ,mprna .30 = O(27) 5aN ,2n = O(3n)



TNRNDNT

Cc=1NpRIN nNn<2n+1 n>15351220 2n+1 = Q(n)
2n+1 =0(n) 125 ,2n+1=0(Nn)-w 122 12’1

C=2NPTN ,N24+108n < 2:n3 ,n > 1000 525 2 n2+106n = O(n3)
.N2+108n = QQ(N3) MW XN

r?l . 2 N = 2
X =N DON X = |Oga N 71T ’NY .N2+106n = ©(n2)

\.Ioga n = 0O(logzn),a>1y12p 525

(c = 1/logz anpn) loga N = logz n/ logz a MNrnNn M1e? yau nr
29%aD DD 1MXD D2 T O(log n) 21121 'LILANDN NNDA 12D

YN D'DAN , DM 00 T ,mprna .30 = O(27) 5aN ,2n = O(3n)



TNRNDNT

Cc=1NpRIN nNn<2n+1 n>15351220 2n+1 = Q(n)
2n+1 =0(n) 125 ,2n+1=0(Nn)-w 122 12’1

C=2NPTN ,N24+108n < 2:n3 ,n > 1000 525 2 n2+106n = O(n3)
.N2+108n = QQ(N3) MW XN

TIN5 .n2+108n = O(n?)

logan =0(logzn),a>1yap 535
(c = 1/logz anpn) loga N = logz n/ logz a MNrnNn M1e? yau nr
29%aD DD 1MXD D2 T O(log n) 21121 'LILANDN NNDA 12D

YN D'DAN , DM 00 T ,mprna .30 = O(27) 5aN ,2n = O(3n)



ROt
e
1500
1550
1000
TR N N

TR T A AR AR RN SN0 A A0 W0 SO N AR A




1000

700

500

300

200

100 -

TIXDPNAN OW D1TanN AXp

Va

10 20

30 40 50 60 70 80

100

log n

nlog n




NN

TN NINY D1ANYNN NN XN DIMION DY MW 11N 1T
(M12P DT N2 T NN IX DL2]) LOPN TN DY NINPNAD

'ON 1MN DIMIYNY DIANYNAN
MYITIN NPDDIAN MYan 1apn -t
DWITIN (LOPD D) NN NN 1aDN - PR *

TN DN XOW AT NINPIDY AWNN NC1va D) - DDA nNM1va
(... ,MNIYND MNYn Navn m"ya) vdopn

"DWOPT NNNRNY MNP N2A1N - N1'aPn DY 1NN X 1nMaa

T 71N LOP O AM 2 V11N NapnY DNMN) LOP TN DIA



TMLDILONDN NIOI1AD

OV N'LDILANDNN NMINNN MNX MYN D52 71712
DPMTNN NXPNAN N1, DNMADND ND12'D

LY LOP DY N OY DINIM NIXID NN °
O(n) DY r N NOnpnn

N1D12'D HOwnd .0MOa) DWIAPN NNOYINIT Ny o
mIno ,10100-n25w N1D12°DN NI 1N N3 Hw
YN IVP NYNIN 7IVN 12D LOP DIOY



D'NNMON IIXNNYN

D11 .NANMDN Nmyad B A DMMNMION Y DINN)
DWNTDNY 1NN ANYA DN, NNATY . INvnD

O(g) X0 B Sun O(f) N0 A S ntn N1')1aw
f=0(g) DX DWV1¥ 2 MY B-Y A D"MNMMAONND

N = o AWK f(n)/g(n) = 0 OX B 5y 92Ty A DNMMADND
g=wlHof=o(g)Moinrnipna -



7D AT NNO

NNV N2AD] NMON XD N'LIPAN'DX N1'D12'D
(NOYan N21yn ,N1nn) NaNavn

NNINN SV avin NN NYLIPAN'DN N'D12'D
TINND D1TX LOP DY DNMNADNN

NOVINN SV avim NN N'LIPaN'DN N1MO11'D
NN WINYD MWD NMAND

LOP 520 MAapn N"VIPANDN N1'D12D 1)) NIYD
MYWaN



7Y Nt N>

DOP DY D21V 1M NN DNMNADONN WINYD DY) e
(IM9IN LOP NN 1MARD NP DAN) MAIN

"WYN 19181 ,(10100 S5wnd) 01T TINN DV12P MY e
TPVILANDNNN 1M D NWN DWIAPH



M NN

1mport time

def time f(sizes):
for n 1n sl1zZes:
start = time.time ()
f(n)
print ("n=",n, " time=",

[cime.time () -start, "secc

nds")

time £([10**5,10%*¢,10**7,10**8,10*%*9])
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def £(n) :

1=n

while 1>0:
1 = 1-1
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det £(n) :
1=n
while 1>0:

1 = 1-1

>
n= 100000 time= 0.018007993698120117 seconds
n= 1000000 time= 0.08005785942077637 seconds
n= 10000000 time= 0.734501838684082 seconds
n= 100000000 time= 7.265594959259033 seconds
n= 1000000000 time= 75.43544101715088 seconds
>
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for 7 1n range(n):
sum = sum + 7
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def f(n):
sum = 0
1 =20
hile 1 < n:
1 =1+ 1
for 3 1n range(n):
sum = sum + 7
I
n= 100 time= 0.0009999275207519531 seconds
n= 1000 time= 0.06604814529418945 seconds
time= 7.5303649%0234375 seconds

n= 10000

g
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while n>1:
= n/=z
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det £(n) :
while n>1:
n = n/Z

=
n= 100000000 time= 0.0 seconds
n= 10000000000 time= 0.0 seconds

n= 10000000000000000000000000000000000000000000000

00000000000000000000000000000000000000000000000000
0000 time= 0.0 seconds
P
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detf f£f(n):

sum = 0O

for 1 1n range(2**n):
SUm = sum+l
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0]

e

- 10
15
- 20
- 25
- 30

f(n):
Sum =

o L

time= 0.0 seconds

0

Tl

o L

for 1 1n range(2**n):
m+1

time= 0.008522%987365722656 seconds
time= 0.095582%96203613281 seconds
time= 2.55381202€977539 seconds
time= 82.20163202285767 seconds

39
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mr O(log2(x/y)) :2 Sw mprnin NLWwa x // y MHN
Mt O(log y) :V121n LW xY NPINA NNOYN

€ P1TA X2 MY NNXIN

M O(log(x/e)) :nmX¥Nn nLwa

1t O(log x + loglog(x/e)) :n*>12n nvwa o

M1 O(log(mn)) :gcd(m,n) 2”xnn 11wnN

Fn ’X012'9 19DN 21wnN

DIipn O(N) ar O(e@") :noMp1a

D1pN O(1) 1t O(n) :MXILIND  °

D1pn O(n) nr O(2n) :MDMPI2 ,N1PD*T N DY MINN DTN
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def T
|
>>>
n= 10000 t
n= 100000
n= 1000000
n= 10000000

n= 100000000
s |

TIVNI NND N

(n) :

= [0] * n

or 1 1in range (n)
alil=ali-11+1

1me= (0.0040051937103271484 seconds
time= 0.029021024703979492 seconds
time= 0.18813300132751465 seconds
time= 1.9123399257659912 seconds
time= 21.501255%98%074707 seconds
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Random Access Memory

e

58 T

59
d
60

. \
62
al3]

63
64

a+i N21N22 XXN)J afi] XNn
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O(1) - append N"ya

def f£(n):
a = []
for 1 1n range(n):
a.append (1)

>
n= 10000 time= 0.003973%96087¢c464844 seconds

n= 100000 time= 0.021000146865844727 seconds
n= 1000000 time= 0.12308692932128%06 seconds
n= 10000000 time= 1.2248680591583252 seconds
n= 100000000 time= 13.74974799156189 seconds

wws |

02N YNNI DIpN 'K DX Ynmn Mgy
0192 52 N2 7IYnNn DX D'pnvn
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def
g g
n= 1000
n= 10000
n= 100000

2

£(n):

a = [0]*n

for 1 1n ranga(n)
ali] = 1

for 1 1n range(n):
found = 1 1n a

time= 0.029036998748779297 seconds

time= 0.9626638889312744 seconds
time= 9€.25875997543335 seconds
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f(_):

d = {}

for 1 1n range(n):
d[StI(i)] = 1

for 1 1n range(n):
found = str(1) 1n d

-
n= 100000 time= 0.14309406280517578 seconds
n= 1000000 time= 1.0267279148101807 seconds

n= 10000000 time= 11.484159%4¢644165 seconds
s |
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VDMIN . DNNYND DN MARY (list) 77vn :LOPN
int DY 5w 71yn Dy DN

DAY 72 9o DM2'NN 1T 1AW 7IYN 1NN bHan
NTAN DX 1LPIN DN

[53, 12, 77, 23, 50] = [12, 23, 50, 53, 77]

[“yossi”, “david”, “anat”, “gila”]
[“anat”, “david”, “gila”, “yossi”]



NI NINNY

}}} 1} ) abclf } " abalf
True

}}} " ah " } 1} ) a "
True

:}}} "A" } "'a"’
False

}}} "a" } "'B”
True

>>> (5,3) > (4,4)
True

}}} 2 } "'a"'

Traceback (most recent call last):

Flle "<pyshell#5>", line 1,
2 } ™ a ™
TypeError: unorderable types:
>

1in <module>

int() = str()

48



Selection Sort

def argmin(a, start):
index = start

(T

for 1 1n range(start+l, len(a)):
1T all] < allndex]:
index = 1
return 1ndeﬂ
def sort(a):
for 1 1n range(len(a)):
small = argmin(a, 1)
ali1], alsmall] = al[small], al[1l]

a = [5¢, 12, 34, 77, 35, 34]
sort(a)
print (a)

49



Selection Sort

def argmin(a, start): 3 2 4
index = start

for 1 1n range(start+l, len(a)):
if al[i]l < alindex]:
index = 1
return indey

def sort(a):
for 1 in range(len(a)):
small = argmin(a, 1)
alil, alsmall] = alsmall], al[i]

a = [56, 12, 34, 77, 35, 34]
sort (a)
print(a)
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argmin(a, start):
index = start
for 1 1n range(start+l, len(a)):
- ali]l < alindex]:
index = 1
T inded

1LPN 12NN DY DPTINN NN NITNN argmin :LaYnN
a[start:]-2 1N

index MINYNN ,i M2V N'XID'RN D1'D] :NMNYn
a[start:i+1]-2 1M"2 VPN 12NN DY DIP NN DX PN




SOrt MMNJJ) NNOn

sort(a):
for 1 1n range(len(a)):
small = argmin(a, 1)
alil], alsmall] = al[small], al[1]

DM2'NN NN PN a 77vnn ,sort D1'DA :vawNn
T XD 1TD2 D NpnNn

:NMMNMNYN

.DM2N NP NN prMn a ,ny b1 .1

i+1 NN PN af:i+1] ,i-N NMXILINN DD .2
T XD 71TD2 a-21 1N1'a DMIVPN DMANN




L
-

K

L
-

K

O(Nn?)

argmin(a, start):
index start
for 1 1n range(start+1,
1T all] < alindex]:
index 1
return indey

sort (a):
for 1 1n range(len(a)):
small argmin(a,
alil], alsmall]

alsmall],

- 01X )T

len(a)) :

1)
ali]

-

Mmya 0(n) Dyam argmin
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MNI] VIO

def find(x, a):
l, h =10, len(a)
while 1<h:
m = (l+h)//Z
1T ®x==a[m]:
return True, m
1f ®%<a[m]:
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MNI] VIO

ot findx, ay: find(25,[10,20,30,40,50])
l, h =0, len(a)

while 1<h: ““n
m = (1+h)//2 O 5 2
1f x==a[m]:
return True, m 0 2 1
if x<a[m]: 22
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MNI] VIO

ot findx, m:  find(25,[10,20,30,40,50])
1, h = 0, len(a)

while 1<h: 1| h m
m = (1l+h)//2 0 5 2
1f x==a[m]:

return True, m 0 2 1
1f %<alm]: 2 2

al-1] = -~ ,a[len(a)] = « 1NDI :nTMNYN
a[l-1] < x < a[h] N
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NN 1AM
cina(x a . find(25, [10,20,30,40,50])

1, h =0, len(a)
while 1<h: TXIDIN D21 XM DT

m = (1+h)/} yppn 9NN, IR Y
| x==a[m]
et MMAY 2 VP22 1VP [L,N]

| x<a[m

—rrl mMx1VN O(log len(a))&<=

l—m+1
: .;, l

al-1] = -~ ,a[len(a)] = « 1NDI :nTMNYN
a[l-1] < x < a[h] N




1\

-

-

1D NP1 YK IO

find(x, a):
find in range(x, a, 0, len(a))

find in range(v, a, low, high):
1f high <= low:
return -1 # not found
mid = (high+low)//2
1f a[mid] ==

return mid
1T a[mid]>x:
return find(x, a, low, mid)

return find(x, a, mid+l, high)
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h

DN P11 MINID IO
find(12, [1, 3, 5, 9, 11, 12, 15, 17])

find(x, a):
find in range(x, a, 0, len(a))

find 1in range(v, a, low, high): 0 8 “
1if high <= low: 4 8 6
return -1 # not found
mid = (high+low)//2 4 6 5
1f a[mid] == X:
return mid

1f a[mid]>x:
return find(x, a, low, mid)
return find(x, a, mid+l, high)
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TINIT AT NN

—_—

find on length n
m"ya 0(1)

‘ ) R k!
find on length n/2 _

4

f]nd on length n/4 — Mmn1logn

4

find on‘length 1




DMNN DDOIAVN

b, c D™MnNnN O1DIYN Y LOP
len(b)+len(c) 71N a ™NN TNX 7IVN :LYS
c-M b-Nn 02NN DI NN D dnvw

merge (b, c, a)
i, J, k=0, 0, 0O
k<len(a)
1 < len(b) (3 >= len|(c) bl1]l<c[3]):
alkl] = bl[1]

1 = 1+1

kK = k+1

alk] = c[3J]
3 3+1
K k+1
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DMNN DDOIAVN

b, c D™MnNnN O1DIYN Y LOP
len(b)+len(c) 71N a ™NN TNX 7IVN :LYS
C-M b-n DM2XN 52 NN D' INVY

djef merge(b, c, a):
i, 3, k=0, 0, O
while k<len(a):

e b (1) <c 3]

alk] = b[1]
1 = 1+1
K kK+1
alk] = cl3J]
J = J+1
K kK+1

—
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DMNN DDOIAVN

b, c D)MNN D2IYN IV LOP
len(b)+len(c) 71N a NN TNX 71VNn :LYa
c-M b-n 02NN D2 NN Do
O(len(b)+len(c)) :nx»M 1Nt

djef merge(b, c, a):

i, 3, k=0, 0, O

while k<len|(a):

L O b [1]<c[3]) :

alk] = b[1]

i = 1+l

K k+1

alk] = cl3J]

3 = j+1

K k+1

—
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:[6,2,1,3,5,4] Swnd> ,nnw1 1 11D
[3,5,4]-1 [6,2,1] mnwa nwo NN pOona .1
([3,4,5]1 [1,2,6] 5ap)1) 11 52 1) .2

NNYIAD MIMNNN MNWIN NV NX am1 .3
[1,2,3,4,5,6] Nn)MnNn NNN
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ZAMADA

def sort(a):

1if len(a)==1l:

e e e
_— e W WA e ae

len(a)//2

mid =
b = al:mid]
c = a[mid:] .
sort (b) >> a =[5, 7, 2, 3, &, 0]
»>> sort(a)
s0rt (C) sort called on [5, 7, 2, 3, 8, 0]
sort called on [S, 7, 2]
merge (b,c,a) sort called on [5]

sort called on [7, 2]
sort called on [7]
sort called on [2]
merged [7] and [2] into [2, 7]
merged [S5] and [2, 7] into [2, S, 7]
sort called on [3, &, 0]
sort called on [3]
sort called on [8, O]
sort called on [8]
sort called on [0]
merged [8] and [0] into [0, 8]
merged [3] and [0, 8] into [0, 3, 8]
merged [2, S5, 7] and [0, 3, 8] into [0, 2,

- .



NP YV

COUNT

{n/Z}
n/4| | n/4

{n/Z}
/4| | n/i4




Run time is O(n log n)

* Acall to sort(length k) requires:
— O(k) time to split the list / copy it
— O(k) time to Merge two sub-lists of total length k
— Recursive calls

* The total run has:

— 1 call on length n Log(n)

— 2 calls on length n/2 levels

_ Each level takes
— 2icalls on length n/2; - 21"n/21=0(n)

— . time
— n calls on length 1




